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RANDOM DATA CAUCHY PROBLEM FOR THE NONLINEAR SCHRODINGER 
EQUATION WITH DERIVATIVE NONLINEARITY 


HIROYUKI HIRAYAMA AND MAMORU OKAMOTO 


Abstract. We consider the Cauchy problem for the nonlinear Schrodinger equation with derivative 
nonlinearity (idt + A )u = d= diu 771 ) on d > 1, with random initial data, where d is a first order 
derivative with respect to the spatial variable, for example a linear combination of , ..., — or 

|V| = T ~ 1 [ICI^ 7 ]. We prove that almost sure local in time well-posedness, small data global in time 
well-posedness and scattering hold in H s (R. d ) with s > max ^^2. Sc , s c — 2 (d+i ) ) ^ or ^ + 771 > 5, 
where s is below the scaling critical regularity s c := ^ — rr ^_ 1 • 


1. Introduction 


We consider the Cauchy problem for the nonlinear Schrodinger equation with derivative nonlinearity: 


[idt + A)u = ±d{u rn ), 
o, •) = 4 )- 


Here, m is a positive integer, u : R x W 1 —> C is an unknown function, ^ —>■ C is a given function, 

d is a first order derivative with respect to the spatial variable, for example a linear combination of 

oiu---’4°r|vi 

The nonlinear Schrodinger equation in m is invariant under the following transformation: 

i ft x \ 
m— 1 U ( 2) J 

\LL Z U,J 


u(t,x ) i ^ Ufj,(t,x) := fi 
for g > 0. A simple calculation shows 


IMMIIjj* =M a+ * m ~ 1 IKMII 




which implies that s c := | j- is the scaling critical regularity. 

We mention the previous and related results for «nj. Griinrock m proved local in time well- 
posedness of (11.11) in L 2 (R) when m = 2 and in H s {R d ) for s > s c when d > 1, d + m > 4. The 
first author m, m. proved that m is small data global well-posedness and scattering for s > s c if 
m + d> 4. Well-posedness of the Cauchy problem for m in d = 1 whose d(u m ) is replaced by d x (\u\ 2 u) 
is intensively studied by many authors (see, for example, na, na, is], Isa, m, ®, h, he m, m 
and references therein). Presence of derivative causes some difficulties. In the present paper, we impose 
that the nonlinear part of CCQ has special structure which cancels out the worst interaction. Owing to 
this property, we can recover one derivative. 

The above results are deterministic results. We consider well-posedness of o> with randomized 
initial data. Following the papers II]: 0, we define the randomization. Let i)/ G iS(R d ) satisfy 


suppi/> C [-1, l] d , ^ ip((, — n) = 1 for any £ G R d . 
nez d 


Let {g n } be a sequence of independent mean zero complex valued random variables on a probability 
space (12, P, P), where the real and imaginary parts of g n are independent and endowed with probability 
distributions g-n 1 and Throughout this paper, we assume that there exists c > 0 such that 



< e c 
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for all k G R, n S Z d , j = 1,2. This condition is satisfied by the standard complex valued Gaussian 
random variables and the standard Bernoulli random variables. We then define the Wiener randomization 
of 4> by 

( 1 . 2 ) <j> u := gn(u)4(D - n)(f>- 

n£Z d 


The randomization has no smoothing in terms of differentiability (|5] Appendix B]). However, it im¬ 
proves the integrability (see for example Lemma 2.3 in m- ^From this point of view, the randomization 
makes the problem subcritical in some sense. In the present paper, we focus on the case where the regu¬ 
larity is less than s c = | because well-posedness in H s (R d ) with s > s c holds in the deterministic 

setting. 

Theorem 1.1. Assume d > 1, m > 2, and d + m > 5. Let max (^^ff-s c , , s c — 2 (d+i) ') < s < s c . 

Given (f> £ H s (WL d ), let <J) U be its randomization defined by ei. Then, for almost all u£ll, there exist 
T u > 0 and a unique solution u to ED with u( 0 ,x) = (j) ul {x) in a space continuously embedded in 

S(t)r + C((-T u ,T u )-,H^(R d ))cC((-T u ,T u )-H s (R d )). 

More precisely, there exist C,c > 0, 7 > 0 such that for each 0 < T < 1, there exists fir C fl with 
P(H T )> 1 -C'exp(- T ^-). 

Theorem o says almost sure local in time well-posedness for ED- Namely, ED possesses local 
strong solutions for a large class of functions in H s (R d ) with s < s c . 

We find a solution u which is a perturbation of e ltA (j) u - The linear evolution for the randomized 
initial data has better integrability than that for the initial data (see Lemma 12.31 below!. but it remains 
C((— T u , T u ); LP(R d )). On the other hand, from the smoothing effect of the linear evolution and absence 
of resonance interaction, the difference u — e ltA (j) u belongs to C((—T u , T^); H Sc (R d )) even if £ H S (R) 
with s < s c . 


Remark 1.2. The lower bound is equivalent to 


max 


d- 1 


d “ C! 2 ’“ C 2{d + 1 ) 


2 ’ 

4=1, 

d ' 
Sc - 


D c-> 0 1 °c 

z{a -f 1 ) j | ~ 

2(d+l) 

Next, we focus on global existence of the solution with small initial data. 


if d = 1 , 

if d > 2 and m = 2,3, 
if d > 2 and m > 4. 


Theorem 1.3. Assume d > 1, m > 2, and d + m > 5. Given cf> £ H s (R d ), let <f> u be its randomization 
defined by ED- Then, for almost all oj £ fl, there exists e(uj) > 0 such that for every e £ (0,e(w)), 
there exists a global in time solution u to ED with u(0,x) = £(j) ul {x ) in a space continuously embedded 
in C(R; H s (WL d )). Moreover, the solution is scattering in the following sense: there exists v± £ H Sc ( R d ) 
such that 

||u(i)-S(i)(0 w + O|| ff .c ^0 

as t —>• ± 00 . 


The uniqueness holds in the space Y s defined by Definition l3.9l below. which is a subspace continuously 
embedded in S(t)<p u + C(M; H a °(R d )). 

Remark 1.4. Theorem Ol is a consequence of the following: there exist C, c > 0 and C H such that 
with the following properties: 

(a) P(fi*) > l-Cexp(-pjj*-). 

(b) For each w £ 12, there exists a (unique) global in time solution u to (11.111 with u(0,x) = cj) ul (x ) 
in the class 

S(t)4 u + C(R;H s -(R d )) c C(R;H s (R d )). 

(c) For each to £ 12^, there exists v± £ H Sc (R d ) such that 

\\ U (t)-s(t)(r+v%)\\ H s c ->o 


as t —> ± 00 . 
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The nonlinear part of ED excludes the resonance, which is the worst interaction. In other words, if 
an output of the nonlinear interaction is on the characteristic curve, then the at least one of the inputs is 
off its curve (see (14.101) below). Therefore, by using the modulation estimate and the Fourier restriction 
norm, we can recover one derivative. These are also useful in the randomized initial data setting. 

The number a(d, m) := max , s c — 2 (d+i) ') satisfies 


x a(d, to) = max ( 1 — 


1 1 


, 1 - 


(m — 1 )d 


s c — a(d , to) = min 


d' 2’ (d + l)((m — l)d — 2) 
(m — l)d — 2 (to — l)d— 2 d 


2(m—l)d ’ 4(m — 1) ’ 2(d+l), 

as d —> oo. On the other hand, Benyi, Oh, and Pocovnicu [2] showed that the cubic nonlinear Schrodinger 
equation without derivative is almost sure well-posed in H s (R. d ) with s > and d > 3, where 

is the scaling critical regularity. Here, we note that 


d—2 

2 


2 d-1 d-2 d-1 d — 2 d-1 d — 2 d-2 

d — 2 d + 1 2 d +1 2 d +1 2 d-f-1 


This difference comes from the fact that we rely on not only the bilinear refinement of the Strichartz 
estimates but also the modulation bound. 

We obtain the almost sure wcll-posedness in d > 2 if to > 3, although the result of Benyi et. al. is 
required d > 3. One reason for this is that the scaling critical regularity of ED is bigger than that of the 
cubic nonlinear Schrodinger equation without derivative. More precisely, the scaling critical regularity is 
zero if d = 1, to = 3 in our case, while the scaling critical regularity is zero if d = 2 in the cubic nonlinear 
Schrodinger equation without derivative. Indeed, since the randomization does not improve regularity, 
we can not expect that almost sure well-posedness holds in the Sobolev space with negative regularity. 
^From the same reason, we need the condition d + to > 5 in Theorems o and 11.31 

Put A f m (u) = d(u m ). Let z(t) = z u (t) := S(t)(f) u and v(t) = u(t) — z(t) be the linear and nonlinear 
parts of u respectively. As in [2], we consider the following perturbed equation: 


{idt + A)v = ±A f m (v + z), 
v(0, x) = 0. 


In the previous results of Benyi et. al. [2 and the authors |[T5], the lower bound of s comes from a 
nonlinearity part which only consists of the linear evolution of the probabilistic initial data. However, 
the lower bound in Theorems ll.ll and ll.3l apuears in different nonlinear parts when to > 3. More precisely, 
— c ps c and s c — 2 (d+i) are nee d to estimate N m (z • • ■ zv) and Af m (y ■ ■ ■ vz) respectively. Hence, v, which 
has more regularity than z, behaves like a bad part for d > 2 and to > 4. 

We now give a brief outline of this article. In Section [2j we collect lemmas which are used in the proof 
of our main results. In Section [3j we define the function spaces and show these properties. In Section 
[4j we show that the nonlinear estimates, which play a crucial role in the proof of our main results. In 
Section 0 we give a proof of almost sure well-posedness results, Theorems II. II and II.31 


2. The probabilistic lemmas 

Firstly, we recall the probabilistic estimate. The randomization keeps differentiability of the function. 

Lemma 2.1 ([I]). Given <f> £ H s (]8L d ), let <j) u be its randomization defined by E2J. Then, there exist 
C,c > 0 such that 

PiW^WH* > A) < C exp (-C * j 

for all A > 0. 

Let S(t) := e ltA be the linear propagator of the Schrodinger group, Namely, v(t) = S(t)4> solves 

(id t + A)v = 0, v(0) = <t>. 

We say that a pair (q, r ) is admissible if 2 < q, r < oo, (q, r, d) ^ (2, oo, 2), and 

2 d d 

q r 2 
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The following Strichartz estimates hold. 

Proposition 2.2. Let ( q,r ) be admissible. Then, we have 

WSit^W^r < UWli- 

By the randomization, improved Strichartz type estimates hold. 

Lemma 2.3 ([I]). Given <f> £ L 2 (M d ), let fP be its randomization defined by CL2J. Let ( q , r) be admissible 
with q,r < oo and r < f < oo. Then, there exist C,c> 0 such that 

P(\\S(t)r\\ L iL % >X)<Ce X p 

for all A > 0. 



3. Function spaces and their properties 


3.1. Definition of U p , V p spaces. In this section, we define the U p - and U p -type function spaces. We 
refer the reader to §2 in JT2] for proofs of the basic properties. 

Let Z be the set of finite partitions — oo < to < fi < ■ ■ ■ < t k < oo of the real line and we put 
v(tx ) := 0 for all functions v : R —>■ L 2 if tx = oo. 


Definition 3.1. Let 1 < p < oo. For o e ^ ant ^ c L 2 (U . d ) with ll^fcllia = 1, we 

call the function a : R. —> L 2 (M. d ) given by 

K 

a = VI 

fc=l 

a U p -atom. Furthermore, we define the atomic space 


U p := ^ u : R —> L 2 (K d ) : u = ^ A jdj for U p -atoms ay, {Aj} C C such that ^ | Ay | < oo 

i=i i=i 


with the norm 


\jjp := inf < | Ay | : u = A jdj for U p -atoms ay, {Ay } C C such that | Ay | < oo 

j =i 1=1 1=1 


Definition 3.2. (i) Let 1 < p < oo. We define V p as the space of all functions v : R — > L 2 ( K d ) such 
that the limits linp^-i-oo v(t) exist in L 2 (S. d ) and the norm 

(3.1) |M|yj> := sup (^ | \v{tk) - v(t k -i )\\ p L 2 

f^KLo 6 - 2 \fc=i 

is finite. 

(ii) Let Vf rc be the closed subspace of all v £ V p such that v is right continuous and lim^-oo v(t) = 0, 
endowed with the norm m- 

For 1 < p < q < oo, U p -A Vf rc U q c —>• is valid. 

Using the U 2 and U 2 spaces instead of H^ 2+e (R- L 2 ( K d ))(°A C(R; Ll(U. d ))), we define the Fourier 
restriction norm spaces. 


Definition 3.3. (i) Let 1 < p < oo. We define the function spaces [/£ := S{t)U p (resp., Vf) := S(t)V p ) 
as the spaces of all functions u : R. —>• L 2 (S. d ) such that t —>• S (—t)u(t) is in U p (resp., V p ), with the 
norms 

IMIc/i : = l|5'(— Mup, IMIu* = \\S(— )«||vp. 

(ii) The closed subspace Vf rc A is defined similarly. 

The Strichartz estimates imply the following. 
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Lemma 3.4. Let d> 1 and let ( q,r ) be admissible with q > 2. Then, we have 

IMI L q t Li ^ IMIv 2 - 

We use the convention that capital letters denote dyadic numbers, e.g., N = 2 n for n £ No := NU {0}. 
We fix a nonnegative even function ip £ Co°((—2,2)) with ip(r) = 1 for |r| < 1 and p (r) < 1 for 1 < |r| < 
2. Set Pn{t) := ip(r/M) — ip(2r/N) for N > 2 and p\ (r) := For N £ 2 N °, Pjy denotes the Fourier 
multiplier with the symbol </Jjv(|£|), he. ( Pn f){x) := Define P>jv := J2m>n P m 

and P<at := Id— P>jv- Moreover, for M £ 2 N °, we define Qm/(t,£) := |£| 2 )/(t,£). We also use 

Q>m ;= Q*n and Q<m '■= Id Q>.at * 

We state the boundedness of the operators Q > m and Q<m- 

Lemma 3.5. Let d > 1, 2 < p < oo, and M £ 2 N °. Then the following estimates 

\\Q>Mf\\ L *Ll < M- 1/p ||/|| vl , \\Q<Mf\\vl + \\Q>Mf\\vl < WfWvl, 
hold for any f £ V£, where the implicit constants are dependent only on d. 

The bilinear refinement of the Strichartz estimate holds (0, 0, CQ3)- 

Lemma 3.6. Let d > 1 and let Ni, N 2 , N 3 £ 2 N °. Assume N m j n = min(IVi, N 2 , N 3 ) <C -/V max = 
max(IVi,IV 2 ,IV 3 ). Then, we have 

IIP/v 3 {SWPn^SMPnM II Ll x < nL 1 2 Uih’Wfoh* 

’ \ I''max / 

for any f>i, <$>1 £ L 2 (R d ). 


Combining the interpolation (see Proposition 2.20 in [T2]) with it, we obtain the bilinear refinement 
of the Strichartz estimate in the V 2 space settings. 

Corollary 3.7. Let d > 1. For any {v,w) £ V 2 rc A x V 2 rc A , W, N 2 , N 3 £ 2 N ° with N min < N max , 
and sufficiently small S > 0, we have the estimate 


I p n 3 (P Ni vPn 2 w) \\ l? < N* 


N n 


N n 


-5 


where the implicit constants depending only on d. 


Remark 3.8. By the Strichartz estimate, the same estimate holds in the case iV m ; n ~ lV max except for 
(1=1. Hence, we neglect the condition N m - ln -C -/V max if d > 2. 

Definition 3.9. For s £ R, we define Y s and Z s as the closure o/C(R; iS(M d ))nVj? A and C(R; <S(R. d ))n 
t/ A with respect to the norm 

\\f\\y ■■= ( E ^ 2 S H^/llvi) ' . \\f\\z- ■■= ( E N2S \\ P Nf\\lrl 

we 2 n o ' 'jve2 N o 



respectively. 


We also use the time restricted space. 


Definition 3.10. Let E be a Banach space of continuous functions f : M —> H for some Hilbert space 
H. We define the corresponding restriction space to the interval [0,T) C R as 

E t := {/ e C7( [0, T); H) : 3g* £ E, g*(t ) = f(t),t£ [0,T)} 
endowed with the norm ll/ll e t ■= inf{||ff1U : 9*(t ) = f(t),t £ [0, T)}. 

The space Et is a Banach space. For any T £ (0, 00 ], we have the embeddings 

(V)~ s Vl T nC([0,T)-,H s ). 

Let f £ Lj oc ([0, 00 ); L^(R d )). We define the integral operator 

nm) ■■= f sit-t')f{t')dt', 

Jo 

for t > 0 and r[/](f) = 0 otherwise. For the integral operator, we have the following. 
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Proposition 3.11. Let d > 1, s £ R, and T £ (0,oo]. Then the estimate 


l|r[/]|Uj, < \ n2s ( sup 

. Il®ll V? =1 


{f{t),P N g{t)) L idt 


1/2 


AG 2 H o 

holds for any f £ L\ ((0, T); H s (R d )), where the implicit constant is dependent only on d,s. 

This estimate follows from Proposition 2.10, Remark 2.11 in [T2] . 

4. Probabilistic nonlinear estimates 

First of all, we recall the notations which are introduced in §1. Put A/" m (it) = d(u m ). Let z(t) = 
z u (t) := S(t)<f> u and v(t) = u(t ) — z(t) be the linear and nonlinear parts of u respectively. We consider 
the following perturbed equation: 

j ( id t + A)u = ±Af m (v + z ), 

^ v(0,x) = 0 . 

To state probabilistic nonlinear estimates, we define the following sets: 

&l :={(4,4),(4,2d)}, 


6 ^ := 


{(4, 4), (4(m 1), ( m iT)d+m- 3 )> ( 


2(m—2)(2+£) 2(m—l)(m—2)d 

8 ’ (m—l)d—2 




m— i 

U{( 


2(m-l)(2+S) 2(m-l)(2+6 ) ) ( 4(m-I)(4+5) 


5 ’ 5 /’V <5 ’ (m—1)(8+5)—2(4+5)(I—1) 

2(m-l){2+8) d(m—l)(d+5) j ( 2(m-ZX2+<5) 


2(m—l)(m—Z)(4+<5)d \ /" 2(m—Z)(2+<5) m—l\ 

-II M <5 ’ iS /> 


The set does not depend on <5. But for convenience, we use this notation. For an interval I C R and 

(5 > 0 , 

(4-1) IM|s™C0 : = max {IMU?L£(/xR<*) : {Q,r) 6 ©H- 

The followings are the main results in this section. 

Lemma 4.1. Assume d > 1, m > 2, and d + m > 5. Let max , s c — 2 (d+i) 

S > 0 be sufficiently small depending only on d, m and s. Given (f> £ H 
defined by (El- For R > 0, we put 

Er '■= {uj £ LI : \\r\\ H ' + \\(^rS(t)^\\s T(m < R}- 

Then, we have 

(4-2) \\m m (v + z)]\\ z5 c<C 1 (M. 

(4.3) ||r[W m (ui + z)\ - T[Af(v 2 + z)]\\z a T ° < C -2 (|M 


< s < s c and 


, let (jF be its randomization 


R' 




771—1 

Y s c 

1 rj. 


V2 


1771—1 


■R n 




\Vl-V 2 \\ Y ±° 


for any T £ (0, oo), v,vi,v 2 £ and to £ Effi. Here, the constants C± and C 2 are depending only on 
d and m. 

Remark 4.2. In the quadratic case, the condition s > AA-s c comes from the estimate for zz. 

In the cubic case, the condition s > AA-s c needs to treat the zzv case (see [ 072] below), while the other 
cases are less restricted. On the other hand, the lower bound of the regularity in [2] appears in the zzz 
case. 


Remark 4.3. Note that the pairs 

( 2(m-l)(2+S) 2d(m-l)(2+S) \ (A(m — T) t ( 4(m-l)(4+S) 2d(m-l)(4+S) \ /. 2d \ 

V 8 ’ d(m-l)(2-\-8)—28 ) 5 V ' (m—l)d—l J 7 V 8 5 d(m-l)(4-}-8)—8 J ’ d—lj 

are admissible. Accordingly, Lemmas 12.11 and 12.31 imply that Er in Lemma I47T1 satisfies the bound 

R 2 


P(Sl\E%) < Cexp —c 


'IH ' 2 


H s 
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To show the local in time nonlinear estimates, we define the norm 
(4.4) |M| g m, i(J) := max j||u|| t?i r (JxRd) : £ ©^\{(4,4), (4,^-)} or (q,r) = (4,4), (4,^-)} 

Since Holder’s inequality yields 

(4-5) Wfh'x <T 5 \\fl^_ 


1 x 


for any Banach space X, we obtain the following (see the proof of Lemma 14.11 and Remark 14.51 belowl. 
Lemma 4.4. Assume d > 1, m > 2, and d + m > 5. Let max (^-fr-s c , , s c — 2 (d+i ) ) < s < s c and 


5 > 0 be sufficiently small depending only on d, m and s. Given cj> £ H 
defined by m- For R > 0, we put 

E^ L := {cc € Q : ||0 w || ff . + ||5(t)^< R}. 

Then, we have 

(4.6) \\mm(v + z)}\\ z s T c < C[ (|M|^. +T s R m ) , 

(4.7) llrfA/^tq + z)\ - T[Af m (v 2 + z)\\\ z ^ < C' 2 (jKII™^ 1 + 
for 0 < T < 1, all v,v\,v 2 £ Yf, c , and to £ E^’ L . 

Lemmas 12. II and 12.31 imply the bound (see Remark Id.31) 

R 2 


let <fE be its randomization 


P 2 


\\m —1 


T s R m ~ 1 


IN -u 2 || Y‘ 


(4.8) 


P(Q\E < Cexp -c 


'M 


H* 


Proof of Lemma \4-l\ 

We only prove (14.21) because (14.31) follows from a similar manner. Thanks to Proposition 13.111 it 
suffices to show 


(4.9) 


E N ° 

v 0 e 2 H o 


2s c +2 


/Ri+d 


Pn 0 v o n Wjdxdt 


.7=1 


< 


II Y’o 


+ R m , 


where Wj = v or z (j = 1,..., to) and vq £ with ||do||v£ = 1- 
We use the dyadic decomposition as follows. 

r. m r. m 

/ Pn 0 vq TT Wjdxdt = / P No vo\\ Pn.W jdxdt 

Ul+d i=l ^ 

Here, we divide the integration on the right hand side into 2 m+1 parts of the form 


/Ri + d 


QoPnqVo QjPNj'Wjdxdt 


3 =1 


with Qj £ {Q<m,Q>m} (j = 0 , 1 ,..., to). This decomposition is only meaningful if Wj = v because 
Q<mz = Q<Me ltA (l) u = e ltA fP = z and Q>mz = Q > ME tA <fF = 0. 

Here, we note that at least one of the modulations is bounded below. More precisely, for (jj, fj) £ R 1+d 
(j = 0,1,... ,m) with Y2jLo T i = 0 an< 4 o £7 = 4>y the triangle inequality, we have 

( 4 - 10 ) m. ax h + l&fl > —m. ax l&f- 

0<j<m TYl ~r 1 0<j<m 

Thus, let us assume that one of Qj is Q> maXo<j . <m JV 2 otherwise the integration becomes zero. Putting 
9 \j := QjPjsij , we mainly focus on the estimate of 


i ■= E N o 

A 0 ,A7i...,A m e2 N o 


s c -t-l 


910^0 J^[ 9 IjWjdxdt 
3=1 
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which is bigger than the left hand side of (Id.91) because of l 1 °-> l 2 . For a set 91 C (2 N °) m+1 (for example, 
91 is defined by {AT 2 ,..., N m < N 0 ~ Ad}), we use the notation I<y\ as 


(A 0 ,Ai,...,A m )e'R 

We separately treat the cases m = 2 and m > 3. 


R! + d 


fHo Vo JtjWjdxdt 


3 = i 


An := 


E 

A 0 ,Ai,...,A m £2 H o 


N; 


Sc - ! - ! 


0 


4.1. The case m = 2. In this subsection, we consider the case m = 2, where we have s c = 


Proof of (14.21) with m = 2. 

Case 1: vv case. 

Although this case is essentially treated in m, we give a proof for completeness. Put Vi = t> 2 = v, 
N m = min(7Vo, Ad, _/V 2 ), N me d = med(./Vo, AdjA/ja), and N max = max(A r 0 , Ad, AT 2 ) for convenience. 
There exists a permutation {*,j, fc} of {0,1,2} such that Qi = Q>n^ ■ By Lemma T3.51 Corollary 13.71 
and ||vo || V 2 = 1, we have 


/Ri + d 


9hn’o 9111' 91 2 dr dt 


< 


WQn^PnMl^ \\p Ni {^v^ k v k )\\ Llx < nJ+*nX 5 n WPnMvi- 


Thanks to AT m i n < N m i n ~ iV max , we obtain 


1—0 


E E 

N lt N 2 e2 N o | N 0 e 2 n o 

min^-^med~^rr 




/R 1 + d 


91oWo91iw91 2 u(ix‘dt 


s E 

Ai,A 2 e2 N o 




A 0 e2 H o 
Amin Amed~ A max 


;=o 




Case 2: zz case. 

Without loss of generality, we may assume Ad < iV 2 . Moreover, Qo = Q>n% holds in this case. 

Subcase 2-1: Ad < Ad - Ah, Ad < A'E • 

By Holder’s inequality, and Lemmas 13.5113.61 we get 


E_ 

iV 0 2 11 <2> jV 2 ^Ao Vo 11 L 2 x 11 -PjVi 2 Pa 2 ^ 11L 2 x 

N 1 <Nf~ 1 Ai<CA 2 ~A 0 

Ai^Aj 3371 " 

< £ AtI^-^E 1 (^tV II^AoVoII^IIPjv^^IIljII^a.^IIli 

Ai<A 2 ~A 0 ' 2 ' 

1 

Ai^A^^ 1 " 

< £ AtE fvE iVf-IVa-^IIP^vollvl 

Ni<^N 2 ~Nq 

1 

Ai<A 2 3rrT 


< 


E 


N- 


— s+ 


(d— 1) (d —2) 
2d 


'AT, 


— S + 


(d— 1) (d —2) 
2d 


A^II-PaoVoIIys 


ATi <^N 2 ~ iVo 

l 

Ai<A 2 3rrT 

< R 2 
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for lo £ Er. Here, we have used ^ < s < pp, ||vo||y 2 = 1 and S > 0 is sufficiently small in the 

last inequality. 

Subcase 2-2: Ad <C Ad ~ N 0 , Ad > N,^ 1 . 

By Holder’s inequality and Lemma Td. 5 1 we get 

In^^-No, < 2^ \\Q>n^Pn 0 vo\\lI x n o W p n 1 z\\ L iJ\Pn 2 z\\lI x 

jv 1 >iv 2 ' 1_1 Ni<g.N 2 ~Na 

< N o No'N^N^IPWPnoVoWvi 

Ni<^N2 r ^ j No 

l 


< 


n; 


, E -x 

Ni<^N2~Nq 

l 

Ni^N^ 1 

< R 2 


-s+i 


~N. 


-s+i 


r2 \\Pn 0 v 0 \\vZ. 


for uj £ E^. Here, we have used 2 < s < and ||v 0 ||y 2 = 1 in the last inequality. 

Subcase 2-3: Ad < Ad ~ Ad- 
By Holder’s inequality and Lemma f3. 5 1 we get 

E N o \\Q>nzPn 0 vo\\liJ\Pn 1 z\\ L 4'J\Pn 2 z\\ l ^ x 
N 0 ^ iVi ~ N2 

< N o No 1 N2 s N2 s R 2 \\Pn o v 0 II Vi 

Nq<Ni~N2 


In 0 <Ni~N 2 < 


< 


E^o 

N 0 

< R 2 


2s+d ** R 2 \\P No v 0 \\vi 


for uj £ Eft. Here, we have used ^ ^ < s < pp and Hvollv 2 = 1 in the last inequality. 

Case 3: zv case. 

d 

We consider only Ad < Nq since the case Nq < Ad is simpler. (In fact, if Nq < Ad, then Nq N^ s < 

d 

Nq S for s > 0.) In this case, Q 2 = Q>n^ or Q 0 = Q>n$ holds in this case. We deal with only 
Q 2 = Q>jv 2 because the case Q 0 = Q>n% follows from the same manner. 

Subcase 3-1: Ad < Ad ~ Ad, N 2 < . 

By Holder’s inequality, Lemma 13.51 and Corollary 13.71 we have 


I 1 < 

N 2 <JVi ~ N 0 ,N 2 < 


E N o IIAt 2 (P/Vi^oH)) || L 2 x \\Q >nS P N2 v\\ l1x 

N2 < ^.Nir^No 

1 

N 2 <W 0 3 ^ T 

3-5 

\\Pn!(!> u \\li\\Pn 2 v\\vi 11-PiVo^ollv? 


NfN^Nj 


i—i ( Ad 
Ad 


s E 

Y2<CATi~7Vo 
1 

< Y, ^^-^(^Il«llv2)ll^0«d||v2 

N2 < ^.N\r^No 

1 

„ , (d-2) 2 , d — 2 

< Ar - s +2(d-i)+3-r' 


EE 

Ni~No 

< M y ^R 


#IMI y ^ II-Pjv o u 0 ||v2 
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for ui S E^. Here, we have used ^(d- 1 ) — ^ ^ < s < IkollvJ = 1 and S > 0 is sufficiently 

small in the last inequality. 

Subcase 3-2: N 2 < IVi ~ IVq, N 2 > N^ 1 . 

By Holder’s inequality, Lemmas 13.41 and IX5l we have 


Af 2 <iV 1 -Ar 0 ,Ar 2 >JV 0 ‘ r 


^ E ^Oll^oll ^d T \\PN 1 z\\ L i L 2d\\Q >N 2P N2 v\\ L 2 


N2<^.Ni~No 


No>N. 


LfL 


^~T 


2?C iv 0 

^ E N 0 No'WPnoVoW vlWP nAw\\Pn 2 v\\ V 2 

N2<^.Ni~No 

1 

< Y, N iN^NrN-^R(N^\\P N2 v\\ vl )\\P No vo\\ vl 

N2 < ^Ni~No 

1 

n 2 >n^ 


s E ^ s+ 

JVi~JV 0 

< ||U|| d — 2 i? 


(d-2) 2 
2 (d — 1) 


||P/V 0 *>o||y| 


for w G Eft. Here, we have used 2(d-\) < ^ < s < ^2. and ||uo||y 2 = 1 in the last inequality. 

Subcase 3-3: N± < N 2 ~ ATg. 

By Holder’s inequality, Lemmas 13.41 and 13.51 we have 


/R 1 + d 


Hence, we obtain 


P<n 0 zQ > n% p N 0 v%>v 0 dxdt 


< ll^o^oll ^ \\P<N 0 z \\L^Lld-\\Q >N 2 P No v\\ L 2 3 
L t L x 

^ N 0 1 \\PN 0 Vo\\vl\\z\\L*Ll d \\PN 0 v\\ V 2 

1$ Ar 0 _1 H 2: IUfL? d ll JD A r o u llv' 2 - 


E 

AT 0 G2 n o 


/R 1 + d 


9*0 v 0 P< No zQ > N 2 P No vdxdt 


2 ] 

5 


H 


Vo^lly, 2 


< 


N 0 G 2 N o 


"Y~ 


<R 


for ui G Eft. 


□ 


Remark 4.5. ,[From (1431) . we get the factor T s in the case 3-3 if w S Pr’ L ■ In the other cases, from 
\\Q>n-‘Pn o v 0 \\lI x < tS \\Q> nS Pn 0 vo\\ lT ^ l2 , we get the factor T s . 

4.2. The case m > 3. In this subsection, we consider the case m > 3. 


Proof of (14.21) with m > 3. 

Case 1: w 7 = v (j = 1,.... m ) case. 

This is the deterministic case and the estimate is the same as in m- But, we repeat it for completeness. 
^From the symmetry, we may assume that N\ < ■ ■ ■ < N m . 

Subcase 1-1: No ~ N m > N m -i. 

Firstly, we assume Qi = Q>n 2 - The embedding H Sc (R d ) L^ m ~ 1 ' )d (M d ), the L 2 -orthogonality, and 
Lemma 13.51 yield that 


(4.11) 


\\Q>N%P<N 0 v \ 


Lf L 


(m-l)d 


< 


N'°\\Q >lfS P N v\\ 


,Ne2 N o,N<N 0 


<^o _1 


IH 


Y 3 


Similarly, we get 


(4.12) 


I|Q<A^q T^iVo^llL“L( m_1 ^ ~ 
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Accordingly, from Holder’s inequality, Lemmas 13.41 [3751 and above estimates, we have 


E 


2s c +2 

0 


AT 0 G2 n o 


/ QoP n 0 v 0 Q > N? P<NoV TT QjP<N 0 V Q m PN 0 vdxdt 

Ul+d \J=2 ~ / 


' m —1 


^ 1 E No SC+2 \\QoPn 0 v o\\ 2 4 -2^. \\Q>NgP<N 0 v \\ 2 L 2 L (™- i)d I \\QjP<N 0 v W L va L (™- l)d 

l A 0 e2»o L t Lx * * \j =2 


X ||Qm-Pv 0 ^|| 2 2d 




<\ J2 n 0 Sc \\Pn o v\\ 2 v1 \ IMI^IMv- 

[AT 0 e2 N o 

< iiwir 


|Y S »- 


Since the case Qj = Q >JV 2 (j = 2,..., m — 1) follows from a similar argument as above, we omit the 
details. 

Secondly, we consider the case where Q m = Q>jv 2 - By Holder’s inequality, Bernstein’s inequality, 
Lemma 1531 and Corollary 13.71 we have 


E 


Ai,...,A m _ie2 w o 

Ni<-<A m _i<A 0 


[ IHqUo ( TT 91-jV ] Q >N 2 P No vdxdt 
Jw - +d \i=i / 


' m —2 


< E p\QV 0 y\ m -iv\\ L 2 t ^ ( ) IIQ>a 0 2 -Pv 0 ^||l2 ; 


Ai,...,A m _ie2 N o 

N 1 <---<N m - 1 <N 0 


< 


E 


JV„ 


4-1 / Am—1 


771—1 


Ai,...,A m _ie2 N o 

Nx<~-<N 7n —i<No 


An 


l ,-S m-1 


^iv-'iiP^iuiMi 


771— 1 

A" "*"“<= ‘ 


n n j ^o _i n^vo^oiiv- H^vo^iiv- n \\ p "Mu 

. j =1 / i=l 


Hence, we obtain 


E ^ 

iV 0 e2 N o 


2s c +2 

0 


/ QoPn o v 0 TT QjP<N j+1 v Q >N 2 P No vdxdt 
JR 1 + d V i=l / 


2 


^0 62% 

<IMI?sc 


1771—1 

|ys c 


We skip the proof of the case Qo = Q>jv 2 because it is the same as above. 
Subcase 1-2: N m -i ~ N m > Nq. 
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Firstly, we assume Q i = Q > jy 2 . ^From Holder’s inequality, the embedding H Sc ( R d ) L^ m 1 ) d (M d ), 

Lemmas 13.4113.51 (14.111) , and (14. 121) , we have 


E / Qo Pn 0 Vo Q > N? r P< N m V TT QjP<N m V Qm-lPN m vQmPN m Vdxdt 

N m &2 n ° ,N m >No R1+d \ 1=2 / 


' m —2 


^ E \\QoPN 0 Vo\\ La v L <.™-i)A\Q >N ? n P<N m v\\ L2L (rn.-i)d \\QjP<N m v\ 


N m £2 N ° ,N m >N 0 


,1= 2 


T OO T (m — l)d 
P't ■‘-'X 


X \\Qm-lPN m v\\\\Q m PNm V \\ LiL -^j 


< J 2 K C N^\\PN 0 V 0 \\vl\\PN m Vr vl \\v\\^ 2 . 

N m £2 N ° ,N m >N 0 


Here, the part QjP<N m disappears if m = 3. Hence, 


E N 'o 

AT 0 G2 n o 


2s c +2 


^ ^ / QoPn 0 VoQ>N 2 P<N rrL 'V ( I I QjP<Nm I Qm—lPN rn vQmPN rri r vdx(lt 

m ^ hl+d _ Y=2 ” I 


AT m e2 N 0 

N m >N 0 


< v <? E Y Sc+ 2 ii^oi 

JV m e2 N o ^ AT 0 e2 N o,Ar 0 <A''m 

< E Yfi^llEMI’ 

JV m e2 N o 

<IMI^c- 


n-^Pn^WIzM ?- 2 


lira—2 

|ys c 


Since the case Qj = Q>n^ ( j = 0, 2,..., to — 2) follows from a similar argument as above, we omit the 
details. 

Secondly, we consider the case where Q m = Q>n 2 • iFrom Holder’s inequality, Corollary 13.71 and 
Lemma 13.51 we have 


' m —2 


Y m _i~iV m >iVo < E + ||z,f U ||Q>AT^FV m ^||L 2 ; 


JVi<-.<i\T m Af 0 ,Ar 1 ,...,Af m £2 N ° 

JV m _i~lV m >iV 0 


. 1=1 


< 


E 


JV 0 So+1 lV 0 2 1 


iVn 


Af 0 ,iVi,...,A r me2 N o 

JV m 62"o 

<Nl^c 


N m -i 


4,-6 / m—2 


n w / n » p ' 

t=i / fc=i 


JVfc^lIvS 


Similarly, the case Q m -i = Q>n^ follows from the same manner. 

Case 2: Wj = z (j = 1,, m ) case. 

Without loss of generality, we may assume N\ < ■ • • < N m . Moreover, Qo = Q>max(JV 2 ,Af^) holds in 
this case. 

Subcase 2-1: IVo ~ iV m . 












RANDOM DATA CAUCHY PROBLEM FOR NLS WITH DERIVATIVE NONLINEARITY 


13 


By Holder’s inequality, the Sobolev embedding H 2 ( 2 + s '> (R d ) c -a L 2+<5 (R d ), Lemmas 13.51 and 13.61 we get 


I N 0 ~N m 
Ni < — <N m 


m— 1 

< E K C+1 \\Q>N 2 PN 0 V 0 \\ L 2+4P Nl zP Nm z\\ L ^ ||P/VjZ| 2(n»-2)(2 +6) 

j =2 


A 0 ,Ai,...,A m e2 N o 

N 0 ~N m 

N!<-<N m 


< 


E 


2 i d<5 ri , / AT - 

+ 1 ^ r - 2+7+212^^1-1 ( iV l 


7Vq° + iV 0 


IV 0 ,A 1 ,...,A m e2 N o 

N 0 ~N m 

A 1 <-<A m 




11 11 V 2 11 -P/Vi </>“ 11 L 2 11 4^ 11L = 


m— 1 

X TT IIM 2 ( m - 2)(2 + 5 ) 

j=2 L *>* 


< 


E 


_o_i_ o 1 , (d+2)<5 d—1 

iV Q S+Sc 2 + 2 + 4 7V~ s+ ~ 


A 0 ,Ai,...,A m e2 N o 

N 0 ~N m 

Ni<,—<N m 



< ^ ^y“ s + s = _ ^+ <d 2+A' 5 jy-(m-l)s+^ 

V 0 ,Aie2 N o 

V 0 >Ai 


R m 


<R m 


for w G Here, we have used the fact that s > 0 in the forth inequality and s > max ^s c — §, ^ j 

and <5 > 0 is sufficiently small in the last inequality. We note that this lower bound of s is less than 
d -1 „ 
d * c ‘ 

Subcase 2-2: N m _i ~ iV m > iV 0 . 

By Holder’s inequality, the embedding P 2 < 2 +o (R d ) L 2+ ' 5 (R. d ), and Lemma T3.51 we get 


^AT m _l~jV m >;Vo 


’ m —2 


< 


E ^0 C + 1 |l < 5>A r ^-Pv 0 ^o|| L 2 +« I n IIPv^ll 2(m —2K2+U WPn^zW^JIPn^W^ 


A 0 ,Ai,...,A m e2 N o 

N m _ 1 ~N m >N 0 

Ni<—<N m 


,j=! 


< 


E ^O^^E^II^oWlly 2 


Ao,Ai,...,A m e2 N o 

N m -i~N m >N 0 

Ni<—<N m 


IT lie 


y,-Z|l^ 2(™-2)(2+a) | llPjVm-i^lli^ll-PiVm^IlL^ 


I Pa„-2II 


< 


E 




5< = + 1 + 2m^J ^f~ 2s ~ 2TS 


m—1 


N 0 ,N 1 ,...,N m - 1 e2 N ° 

Nm-1>N 0 

Ni<—<N m -l 


n v I r " 


<R n 


for oj G . Here, we have used the fact that s > , and <5 > 0 is sufficiently small in the last inequality. 

Case 3: The case where there exists l G {1,..., m — 1} such that Wj = v for 1 < j < l and Wk = z for 
l + 1 < k < m. 

Without loss of generality, we assume Ni < ■ ■ ■ < Ni and 7V/+ 1 < ■ • • < N m . We further split the 
proof into five subcases. 

Subcase 3-1: Nq ~ Ni > N m 
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Firstly, we assume Q 0 = and 1 = 1- By Holder’s inequality, the Sobolev embedding H 2 < 2 +« 

d ), Lemma 1331 and Corollary 13.71 we get 




^N-1 ~No>Nm E K C+1 WQ>NgPN 0 Vo\\ L * + smivV\ m z\\ L 2 x n ||!HfcZ|| 2(m-2)(2 + 5) 


N 2 < — <N m AT 0 ,iVi,...,A m e2 N o 

Ni~No>Nrr 

N 2 <—<N m 


k-2 


< 


E 


2 i dS ri ~ / AT 

N°< +i N^ +m Nr m 


N 0 ,N 1 ,...,N m e2 n o 

JVi ~N 0 >N m 
N 2 < — <N m 


Ni 


i-s 


||-Pjv 0 ^o||y2 ll-P/Vi^llv 2 


m —1 


X liriU; n HlKfcZlI 2(m-2)(2+5) 


< 


E N i 


k—2 

d-1 


1 I (d + 2)S I s d-1 C 

0 ~ 2+ ^ + N-s+^MyscR™- 1 


N 0 ,N m e2 s ° 

N m <No 

< \\v\\ l YSc R m ~ l 


for u> G E^. Here, we have used the fact that s > | — 1 and S > 0 is sufficiently small in the last 
inequality. We note that pp s c >| — 1 if m > 3. Since the case Q\ = Q >N 2 and l = 1 is similarly 
handled, we omit the details. 

Secondly, we consider the case Q o = Q > m a and l > 2. By Holder’s inequality, the Sobolev embedding 
H 2 (. 2 +i> (R d ) L 2+s (R d ), Lemma [Xol and Corollary 13.71 we get 

I Ni~N 0 >N m 
N!<—<Ni 
N i+1 <-<N m 


' 1-2 


< 


e «- +i iic>K3^*oii lS . n nsMUr. w^-^ivui, n ||9ffc2;|| 2(m —Q(2+5) 


N 0 ,Ni,...,N m e^° 

Ni~No>N m 
Ni <---<N, 
Ni +1 <---<N m 


U = 1 


k=l +1 


T "fi— 

^t,x 


< 


E 


J^Sc + l J\J 2+5 2(2 + 5) 


N 0 ,N i,...,A m e2 N o 
N,~N 0 >N m 
Ni < — <Ni 
Ni +1 <---<N m 


n e ] E-i 

vi=i 


-i /W 


iVz 


4-5 


IIxPzVo'UoII V2 


l 


X 


< 


E 


y?=i 

1 i (d+2)5 , c 
AT-2+ 2 + 5 +<> 

iV o 


H \\PNjVWv2 ) ||SKfcZ|| 2(m Q(2 + 5) 

L+ ~ 


k=l -\-1 


Ar 0 ,ATi,...,Ar m G2 N o 

Ni~N 0 >Nm 

Ni<---<Ni 

Ni +1 <-<N m 

E ^o 

A 0 ,Ai_ie2 N o 

Nl-!<N 0 


< \\v\\ l Y s c R m - 1 


nV 1 ]^ 

U=1 


H-l-5 


n 


vfe=/+l 


< 


1_ ( d-\-2)8 

2 “i 2 + d 


+<5 


r-4-5, 


l r>m—l 


nut 1 2 


\v\\ l Y s c R m ~ l 


for ui G E^. The part Pj-Cj disappears when m = 2. If Qi = Q >JV 2 , applying a similar 

argument as above, we obtain the desired bound. 
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Thirdly, we consider the case Q\ = Q > n% and ^ > 2. For w G E^ and s > 0, 


(4.13) 


\\P<N 0 z\\ 


4(m-i)(4+5) 


2(m-l)(m-l)(4+5)d 
r (m-l)<8+i)-2<4+i)((-l) 

-L-'X 


< 


jVe2 N o,jV<lVo 


\\P N z\\ 


- - L (m-l)(8+i)-2(4+i)(I-l) 


< e N ~ SR ~ R - 

N£2 n o,N<N 0 


/From Holder’s inequality, the embedding H Sc (R d ) L^ m 1 ^ d (R d ), Lemmas IQ113.51 (j4.11L (I4.12L and 

(I4.13L we have 


r 

4 , / Z —1 \ m 

2 ' 

E E^ 2 

/ QoPn 0 v 0 Q >N 2 P< No v T\QjP<n 0 v QiPn 0 v TT QkP< No zdxdt 


1 A 0 e2 N 0 

J R1+d \j=2 J k=l+1 

> 


l -1 


< 


E ^o Sc+2 IIOoPa 0 poII 2 4 ^IIQ>a 0 ^<a 0 ^II 2 24 -i^ nil^^o^ll 

. A 0 62<% L ‘ L * ‘ X \j=2 


r(m-l )d 


X IIQi-PVo^|| 2 2(4+5)d TT 11 R < Nn ~ 11 4(m-!)(4+0 2 (m-l)(m-i)(4+5)d 

T 4+5 T (4+5)d —4 A A ~ j 5 T (m- 1 )(8+5)-2(4+5)(i- 1 ) 

L t L * k-l+1 L t 


< 


E N 0 Sc \\Pn o v\\ 2 v1 

A 0 G2 n o 


IMI 


l-l 

Y s c 




< 


■u|| 


l 

Y s c 


^>ra —l 


for lo G Er. The proof of the remaining cases Qj = Q >JV 2 (j = 2,... ,1 — 1) follows from the same 
manner. 

Subcase 3-2: No ~ N m > JVj. 

The lower bound max Sc ~ 2 (d+i) ) °f Lemma ITTI appears in this case. We further divide the 

proof into two subcases. 

Subsubcase 3-2-1: Nq ~ N m > Ni and Qo = Q > jv 2 - 

When l < m — 2, from Holder’s inequality, the embedding iJ 2 < 2 +o (R d ) L 2+5 (R d ), Lemma [3.51 

Corollary 13.71 and to > 3, we have 


L N 0 ~N m >Ni 
Ni<—<Ni 
N I + 1 <---<N m 


l-l 


m —1 


< E n^\\q >nS p No v 0 \\ l ^ n n ||91fcz|| 2(m-i-l)(2+5) 

A 0 ,iV 1 ,...,Ar m e2 N o \J=1 / * =i +l 

N 0 ~N m >Ni 

Ni<---<Ni 

N, +1 <-<N m 


< 


E 


' ;-i 


/\r s c +1 7vr 2+T 2(2+5) 

JV 0 JV 0 


N 0 ,N 1 ,...,N m e2^ 

N 0 ~N m >N, 

Ni<---<Ni 

N l+1 <-<N m 


n«/)«r 1 (w 

u=i 


r —8 


II-PnWoIIv 2 


n n^wii vi 

\j=l 


m— 1 


I Ll 


E l|9L=“ll 2(m-i-l)(2 + 5) 


k=l -\-1 


< 


^.-s+s c -i+ (d 2 ( t 2 5 ) ' 5 +<s 

Nq,Ni,...,Ni€ 2 n ° 

Ni<---<Ni<Nq 





l TDm—l 
Y s c -LL 
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< 


< 


E 

l- 1 V 

i<A 

E 


N, 


— S+S c 


1 I (d+2)5 1 c l — l 

3 ^ ^-I 1 ^ 


r — b—S , 


|| l Y s c P m ~ l 


A 0 ,N i _i,A 1 e2 N o 

Ni-!<Ni<No 


N, 


— S + S C — TT + 


1 1 (d+2)5 | r l If? 

“ - +l5 Ar5f=T _ 3-«,. ,ul 


2 1 2 + 6 


iV, 


;-i 


viiy.o-R" 


iVo,JV,_ie2 H ° 

N,-!<No 


for w £ E^ 1 . When l = 1, the part J} j=1 ll^+lUr* disappears. If l = m— 1, replacing \\Q > n 2 P No vo\\ L 2 +s 
with 110^^2+^^011 r .2 , we get the same bound as above. We note that T7Z!_>, 1 IlD+zll 2rm-i-n(2+5) 

0 t,x 1 6 

disappears in this case. 

The sum is bounded by ||u||ysc-R m_1 if l = 1, m > 3, s > s c — and S > 0 is sufficiently small. 
Moreover, if l > 2, iV;_i < N^ 1 and s > max ^ s c — d, s c — 2 (d+i) ) > we S et the same bound. 

We consider the case l > 2 and Ni_ 1 > N,. ^From Holder’s inequality, the embeddings W? ~ 1,rrT 
L 2d (R d ), H^y(R d ) > L 2+5 ( R d ), Lemmas O andESl we have 


I N 0 ~N m >Ni 


Nl-iZN ?* 1 


Ni<---<Ni 

N l+1 <-<N m 

(l -2 

^ E Ng C + 1 \\Q> N 2P No Vo\\ L 2+J 

n 11^^11 

N 0 ,N 1 ,...,N m G2’*o 

Vi=i 




||?M 


LfL1 d 


N 0 ~N m >Ni 

Ni<---<Ni 

N,+i<-<N m 


n 11^ 


Z\\ 2(m-i)(2+5) 


k=l -\-1 


< 


E 


Ars c + 1 AT 2+5 V 2(2+5) 

JV 0 J ''o 


Nq,Ni ,..., A m G2 N ° 
N 0 ~N m >Ni 

Ni~ 

Ni<--<N t 

N, +1 <-<N m 



n iiAv+iiv^ 

3 =1 


n u** 


/c=/+i 


HI 2(m —!)(2+5) 

i.T 3 


< 


E 


iV, 


-S+S e + 


(d+2)5 
2(2 + 5) 


' 1-2 


r—1. 


< 


Af 0 ,A r i,...,Aie2 N o 

N!<---<Ni<N 0 

E E 

N 0 A,_ 1 e2 N o 

M-i>A 0 3 + T 


n^- 1 ] ^-W _1 imiu# 

0=1 


m—l 


.old | (d+2)<5 m — l 

S + Sc+ 2(2+l5) 1 


/-I 


|ys c 


if 


i—z 


< 


lY s <= 




i—z 


for a; £ Er. Here, we have used the fact that s > s c — 2 (d+i) an d ^ > 0 is sufficiently small in the last 
inequality. 

Subsubcase 3-2-2: No ~ N m > Ni and Oo = Q<szn%- 

We only consider the case Qi = Q > m 2 because the remaining cases are similarly handled. Firstly, 
we consider the case l > 3. ^From Holder’s inequality, the embeddings H Sc {R d ) £,( m_1 ) d (R d ) ) 
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d (1 —25)(m — l)d —2 , 2(m — l)d 

H 2 2(m-l) ^ Li,l-2f>)(rn-l)d-2 


Lemma T3. 5 1 and Corollary 13.71 we have 


r 1—2 


< 


1 N 0 ~N m >Ni 

1 + rn. N 0 ~N m >Ni 

Ni<"-<Ni 
Ni +1 <-<N m 


E ^0 C + 1 Po7'0^«||l ? ,J|0>^ Pn^W l 2+5 L (m-l)d n 


U=2 


x IliVit; 


2(m-l)d 
(1 — 2 d ) (m — 1 )d — 2 
u t 


L?°L± 


n ii^ 


z I 2 (m —Z)(2+5) m-l 


\k = l +1 


< 


Nn N, 


E j, o 

N 0 ,N 1 ,...,N m e2 N ° 


+Ur§- 1 Pi 


Nn 


N,\ 2 ~ s 2 


^1—2 


n 0 2+s N°< inE] e 

7=2 


<J (1 — 25)(m — l)d — 2 
2(m-l) 

1 


N 0 ~N m >N t 
N x < — <Ni 
Ni +1 <-<N„ 


X \\Pn o v 0 \\ V 2 ]J ||Piv.,w||v 2 I 2(m-l)(2 + f) 


W = 1 


Vfc=Z-|-1 


< 


E 


N r 


-s+s c — i+ ,4-r +25 


E 


i— ^^ 


A 0 ,Ai,...,A m e2 N o 

N 0 ~N m >Ni 

Ni<—<Ni 

N,+i<--<N m 


nV 1 i Ei 

U=2 


- Sc+ ^ +d5 ll^llU^ 




< 


E ^ 


-s+s„— | + 2 TT+ 2 |5 jy- _s o— 4+ 4l=f+( d_1 ) <5 ||„,||i um-l 


-1 




A 0 ,Vi_ie2 N 0 

N 0 >Ni-r 

< \\v\\ l Y s c R m ~ l 


for (jj £ E^. Here, we have used the fact that s > s c — ^ and <5 > 0 is sufficiently small in the last 
inequality. 

dS , 

Secondly, we consider the case l = 2. ^From Holder’s inequality, the embedding H 2(2 + 6 > (K ) c —> 
L 2+s ( R d ), Lemma f3.51 and Corollary 13.71 we have 


lN 0 ~N m >N 2 ~ E K c + 1 \\m o Vo^ 2 v \\ L 2 \\Q>n 2 Pn 1 v\\ l 2 +s n ||93fc2l|| 2(m-2)(2+i) 


N^<N m N 0 , Nl ,...,N^o 

3 - - m N 0 ^N rn >N 2 
Ni<N 2 
N 3 <"-<Nm 


k=3 


< 


E 


N° C+1 N 2 2 


4_1 {No\ 2 5 _ - 2 


+ l, r f-! JV2 


A 0 ,Ai,...,A m G2 M o 

N 0 ~N m >N 2 

Nr<N 2 

N 3 < — <N m 


Nn 


No 2+6 N^ \\P No v 0 \\ vl ( nilE w llv 2 

7=1 


IT ||5Hfc2|| 2(m-!)(2 + C 

L~ 3 


k—3 

< E jv 0 -‘ + “^ + ^ + V™^-V 1 "' e+ ^||T;||^ e J2”*-2 

Ao,AIi,A 2 G2 n ° 

Ni<N 2 <N 0 

< Ill’ll y s c 7Z m_2 


for a; G Eft. Here, we have used the fact that m > 3, s > s c — t> and <5 > 0 is sufficiently small in the 
last inequality. 
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Thirdly, we assume l = 1 and N m -i > Nq 1 . ^From Holder’s inequality, the embeddings H s 
L {m- i)rf(]R_rf) j (K d ) -A L 2+5 {R d ), Lemmas EH and HTTol we have 




I N 0 r^N m >N 1 < 
1 

Nm-^N^ 
N 2 <---<N rr , 


E N 0 C+1 \\^OV 0 \\ LiL -^ I \\Q > NgPN 1 v\\ L?L ^-i)d [] ll*MI 


JV 0l JVi,...,iV m 62 Ko 

No~Nm>Ni 
~ l 


k—2 


2(m —l) 2 d 

r 4(m — 1) r (m — l)d+m —3 


N 2 <"-<Nm 

m 

< E iV 0° +1 ^o" lAr ri P iVoUo||^ll^iV 1 v|| v; 2 n l|9M 


2 ( m — 1) 2 d 


iV 0 ,iVi,...,iV m e2 N o 

iVo~AT m >ATi 

l 

7V m _i>Ar 0 ZTn ' 

N 2 <---<Nm 


k—2 


>m— 1 


< E 

A r o,A m _ie2 N o 

1 

/V , > AT d_1 
1 v m— 1 v o 

< E iV 0 -^ Ta+5o+5 ||u|| rScJ R m - 1 

A 0 £2 n 0 

< ||w||Y=ci? m_1 

for w € E^. Here, we have used the fact that s > — ps c and <5 > 0 is sufficiently small in the last 
inequality. 

1 

Fourthly, we consider the case 1 = 1 and iV m _i < Nq -1 . ^,From Holder’s inequality, the embedding 
H Sc (R d ) A L^ rn ~ 1 ' ,d (R d ), Lemma T3. 5 1 and Corollary 13.71 we have 


I A 0 ~A m >Ai < 

N A 0 ,N 1 ,...,A m e2"o 

N2<~<Nm ^o~AT m >Ab 


E fVo c+1 ||lKoVo9 , lm-l^||A2 a; ||Q>JV2-PA 1 v|| i .2 + 6 i £m-i)d 


N m ~j.<N*= 

N 2 <-<N„ 


n w** 


,fc=2 




H^n 




< 


E 


A 0 ,Ni,...,N m e2 Pi o 

A 0 ~N m >Ai 

1 

iV m _i<JV ( f =T 

N a <~<N m 


N^ C+1 N^ i f 
0 m ~ l l iVn 




N 0 2+s N° c \\P No v 0 \\ V 2 \\P Nl v\\vZ 


X 11^* ll-L^ ( II^MI 2(m-2)(2+5) 2(m- 1R| 


, fe =2 


2( m -l)(m-2)d 

d-2 


W^mZu 2(m _ 


2{ T^=2 )d 

J-/x 


< 


E -o 

A 0 ,N m _ie2' 

1 

N m -i<N^ 

< \\v\\ Y ‘cR m 


N n S+Sc l+2+s+2S N~ s + 1 ^- 5 \\v\\ Y ^R m - 1 


for ui £ E^. When m = 3, the part Y\^k =2 ||9tfcz|| 2 (m- 2 H 2 +« 2 (m-D(m- 2 id disappears. Here, we have 

T 5 T (m —l)d — 2 

E i E x 

used the fact that s > max (s c — Ejl-s ) and <5 > 0 is sufficiently small in the last inequality. 
Subcase 3-3: 7V ; _i ~ N t > N 0 ,N m 

We assume l > 2 because this is reduced the subcase 3-1 when 1 = 1. 
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Firstly, we consider the case Q o = Q>jv i 2 - iFrom Holder’s inequality, the embedding H Sc [ K“) ^A 
L( m -i) d (K d ), Lemmas 13.4113.51 (14.111) . (14.121) . and (14.131) . we have 

/ Q >N ?P< Nl v \Y[QjP< Ni v \ Qi-iPNiVQiPNiV l QkP<N t z ) dxdt 

J Rl+d \j-i ) \fe=;+i / 

/ 1-2 

\\Q>Nj‘PN 0 Vo\\ L 2 L (j n n h^<^i 


r (m-l)d 


U=1 


T 4+5 T (4+ 5)d- 
L t k=l +1 

1—2 rtm—l 


X WQI-iPnMI . ^WQiPnMI 2(4+5)d TT \\QkP<Nr Z \\ 4(m-l)(4+S) 2(m-l)(m-0(4+g)d 

T 4+<5 j (4+&)d- 4 f ~ r ^- L r (m-1) (8 + 8)-2(4+8) (l-1) 

t x L/ t L/x b — /-LI P+ P'x 

< NQ C Nf 1 \\P No Vo\\ V 2\\PN l V\\y2\\v\\ l Ys 2 c R T ‘ 
for u £ Er. Accordingly, we obtain 


E a. 

AT 0 G2 n o 


2s c +2 


E / QoPn 0 v 0 Q >N 2 P <Ni v TT QjP< Nl v 
Nl e2«o J ^ +d ~ V=2 ~ 

N 0 <N t 


Q k P< Nl z ) Gtedf 

^fc=;+i / 


2 2 


< 


r4s c +2 


1—2 T?m—l 


NrWPNAvMysiR 


E E ^ 

A,e2 N o ^AT 0 G2 N o 

< £ Nf Sc \\P Nl v\\ 2 vl M l Y S 2 c R m ~ l 

N,e 2 N o 

< \\v\\ l y Sc R m - 1 

for to £ E 1 ^. Since the case where Qj = Q >w --a for some j = 1,..., l — 2 is similarly handled, we omit the 
detail. 

55 

Secondly, we consider the case Q/ = Q > n?- By Holder’s inequality, the Sobolev embedding H 2 < 2 +o (R“) ^a 
L 2+<5 (R d ), Lemma [3751 and Corollary 13.71 we get 

-fAr,_i~Ar,>jV 0 ,Ar m 

N\<---<Ni 

N l+1 <---<N m 


' / —2 


< 


E [] H'Mk?. ||Q >w? P JVl «|| i?t * I] ||91fe2;|| 2(m-Q(2 + 5) 


No, Ai,...,A m e2 N o 

Nl-^Ni^NoiNrn 

N±<---<Ni 

N, +1 <--<N m 


U'=! 


fe=Z+l 


< 


E 


1Yq c+1 AC 0 2 1 


A 0 ,lVi,...,A m e2 N 0 
Ni- 1 ~Ni>N 0 ,N m 
Ni<—<Ni 
Ni + 1 <-<Nm 


No 

Ni¬ 


l-5 11—2 

n e ] N i 

U'=l 


IIPvo folly 2 


< 


E 


N. 


n nvi* 1 n ll^fe^ll 2(m-iK2+5) 

w'=1 / *=i+l L *’ x 

^e+Hl^T-' 5 { TT AT ^=T 1 jY _2s ‘= _ 5 _ 2T7+2lH7T+ ,5 | 


Nq,Ni : ... : Ni G2 N ° 
N^^Ni^No^m 
JVi<—<1V, 


n v ; 

U=! 
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< 


E 


m — l , (d+2)5 

N l 


«ll 


l 

Y s c 


^>ra —l 


Nie 2 N 0 

< \\v\\ l Y s c R m - 1 


for oj £ Here, we have used the fact that 1 < l < m — 1 and 6 > 0 is sufficiently small in the last 
inequality. 

Subcase 3-4: Ni ~ N m > No 

We further divide the proof into two subcases. 

Subsubcase 3-4-1: l = 1 

dS , 

Firstly, we consider the case Qo = Q>n 2 • By Holder’s inequality, the Sobolev embedding H 2< - 2 + d > (Hr) 
L 2+s ( R d ), Lemma [3~5l and Corollary 13.71 we get 


1 N 1 ^N m >N € 

N 2 <-<N m 


< 


E N 0 C + 1 \\ Q > NlPN 0 Vo \\ L i + s \\ RlVy \ 2z \\ L -> \\ V \ kz \\ 2 ( m - 2 )( 2 + 5 ) 

‘ -** J- t.x z j 5 


N 0 ,N 1 ,...,N m £2 n o 

N 1 ~N m >N 0 

N 2 <-<N m 


h —3 


< 


E 


N° c+1 N 1 ^N^N 2 


4—1 ( N 


N 0 ,N 1 ,...,N m G2 n o 

Nl~N m >N 0 

N 2 <---<N m 


1 / 1'2 

Ah 


-5 


11-PiVoVollv^ WPnMWiW^Wli 


X I^[ ll^fc-|| 2(m-2)(2 + ^) 


fe=3 


< £ ^-.+1+^^-—- 

Nq,Ni,N 2 £2 n ° 

N!>N 0 ,N 2 


1 _2 _l_A i d — 1 c 

2“2+7+ d N~ A -S --5 ! 


vWy-cR" 


< 


E 


N, 


— s ~ i+ 


(rf+2)g 


+ V" s+£ 


IMI y-cR" 


ATi,A 2 e2 N 0 

Ni>N 2 


< IHIr-i?” 


for w G Here, we have used the fact that s>i(| — 1) and S > 0 is sufficiently small in the last 
inequality. 

dS , 

Secondly, we consider the case Q\ = Q >N 2 . By Holder’s inequality, the Sobolev embedding H 2 ( 2 + s ) (R“) c —>• 
L 2+l5 (R d ), Lemma [3751 and Corollary 13.71 we get 


m—l 

^Ni~A m >iV 0 ^ E Nq C+ ' \\% ) V% n z\\ L 2 j\Q > N^PN 1 v\\ L 2 +S ||9tfc^|| 2 (m- 2)(2 + f) 

N 2 <-<N m NoiNu ... iNm z&o ’ ” fc=2 

Ai~N m >AT 0 
N 2 <---<N m 

< Y K^Nt 1 

No,N 1 ,...,N Tn G2 n ° 

Ni ~N m >N 0 
N 2 <---<N m 

m—l 

x TT ||9ffc~|| 2(m-2)(2 + f) 

A A r <5 

k =2 


No_ 

N m 


Nl 2+s+m \\P No v 0 \ 


l 11 Pn ! ^ 11V? II 4** 1 11 A? 


< 


E 


N, 


2s c + m ^_ 1 + , j 



AT 0 ,iViG2 N o 

Ni>Nq 


(d+2)5 
2 + <5 


+ <5 


Ik 


y s c 




<lk 


ys c 
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for u) £ E^. Here, we have used the fact that s > | — 1 and S > 0 is sufficiently small in the last 
inequality. 

Subsubcase 3-4-2: l > 2 

dS , 

Firstly, we consider the case Q o = Q>n 2 ■ By Holder’s inequality, the Sobolev embedding iL 2(2 +o (Hr) H 
L 2+s ( R d ), Lemma 15751 and Corollary 13.71 we get 


I Ni~N m >N 0 
N, +1 <-<N m 


1-2 


< 


E K c ^\\q >n?Pn m\l^ n \\Ki-^iv\\ Llx n ||9ffc~|| 2(m-iH2+5) 


A 0 ,iVi,...,A m e2"o 

N,~Nm>N 0 

N 1 <---<N l 

N, +1 <--<N m 


U = 1 


k=l -\-1 


< 


E 


Y o 


jy-s c +ijY 2+d ^y 2 ( 2 + 5 ) 


Y o 




AT 0 ,Ai,...,A m e2 N o 

Ni~N m >N 0 

Ni<---<Ni 

N l+1 <-<N m 


W =1 


l-l 


N t 


^-<5 


ll-fV 0 «o| 


< 


E 


U = 1 


dS 

Ar“- ■ * ■ 2(2+5) 
iV 0 


n ] II \\^ Z \\ 2(m-y(2+5) 

L+ _ 


S c + l+7 


ATo,Ar 1 ,...,AT z G2 N o 

Ni>N 0 

Ni<---<Ni 


1-2 

11 v 

w =1 


/c=Z+l 


m - 1 I ivE 1 1 % S 5c * ^ +S \\v\\ l Y s c R m - 1 


< 


E 


i-l 1 £ _ 1 , (d+2)5 , ; 

m -1 2 s 2+ 2 + 5 T 0 1111Z pm-I 


U||ys c J?' 


A 1 _ 1 ,AT i e2 fi 0 

Ni>N,_ x 

< \\v\\ l YSc R m ~ l 


for w £ E^. Here, we have used the fact that s > max(—i, — Tyry) and S > 0 is sufficiently small in the 
last inequality. 

Secondly, we consider the case Q 1 = Q>n 2 - .[From Holder’s inequality, the embeddings H Sc (R d ) ^A 
i (m-i)d( R d) ! H^y(WL d ) L 2+5 (R d ), LemmasEl andES we have 


1 Ni~N m >N 0 
JVi <-"<A, 
N, +1 <-<Nm 


l-l 


< E ^0 C + 1 |I^O^o|l i4L ^ \\Q >N 2 P Nl v\\ L ' 2 + SL (rn.-l)d \\9ljV\\^ L (m-l)d 


N 0 ,N 1 ,...,N m e2 n o 
Nl~N m >N 0 
Ni<—<Ni 
N l+1 <-<N m 


U= 2 


n II** 

* x fc=Z+l 


~|| 2(2 + 5) 


(m-l)d 


/-I 


e iv 0 sc+i E^ ( iie c ) u*w>oiiv 2 ( n n^«iivi ] n u^mi ™ (m _ 1)d 

L t Lx 


A 0 ,Ai,...,A m e2 N o 

Ni~N m >No 

Ni<—<Ni 

N l+1 <---<N m 


W =1 


W =1 


fc=Z+l 
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< 


E 


N° e+2 + 6 N^ 8 - s ° +s \\v\\ l YSc R m - 1 


N 0 , ATi,...,ATie2 N o 
Ni>N 0 
Ni<—<Ni 


< INI 


l 

Y s c 


l 


for u> G . The case where Qj = Q >N ? {j = 2,..., l — 1) is similarly handled. 

Thirdly, we consider the case Qi = Q >N 2 . ,/From Holder’s inequality, the embeddings H Sc (R d ) °A 
L( m -i) d (R d ), H^rs y(Rd) <_>. L 2+5 {R d ), H%~^( R d ) c —> L d+l5 (R d ), Lemmas EH andEH we have 


I Nl~Nm>N 0 
Ni<—<N, 
Ni +1 <---<N m 


1-2 


< 


V NT'IIOMoll^,* ( n ) \\ < RN l - 1 v\\^^_ 2 d T \\Q>N-‘PN l v\\L 2 t + s LZ + 5 


A 0 ,iVi,...,A m e2 N o 

Ni~N m >N 0 

Ni<---<Ni 

N l+1 <-<N m 


u =1 


< 


E 


||9tfc«|| 2(m —Z)(2+5) d(m-i)(d + 6) 

r 5 r 5 

fe=;+i ^ 


1—2 


Nq C+1 


A 0 ,Ai,...,A m e2 N o 

Ni~N m >N 0 

Ni<---<Ni 

Ni +1 <-<N m 


n n ? i «< 

u=i 


2 | c£_ d 

' 2+7' 2 ‘3+7 


Ii-Pjv 0 woiivi ( npvik 

J=1 


< 


E 


Nq c+1 


AT 0 ,iVi,...,ArjG2 K o 

Ni>N 0 

N!<---<Ni 


ll^fc^ll 2(m-l)(2+S) d(m-l)(d+5) 

A A r 5 T 5 

fe=i+l 


n N r 1 1 N i-i N i 

C =1 


_o_ c 2 | d _ d 

* * c 2+7" 1 " 2 7+7 ii ,|| l -nm—l 

ll^ll ys c -TL 


< 


E < 


- sc+ ^p + f-l + ^ + ^ IMIUir _* 


A i _ 1 ,A i e2 N o 

Ni—i<Ni 

< ||V|| l ys c R m ~ l 


for uj G E^. Here, we have used the fact that s > max(| — 1, — —and (5 > 0 is sufficiently small in 
the last inequality. 

Subcase 3-5: iV m _i ~ N m > TVo, Ni 

We assume l < m — 2 otherwise it is reduced to the subcase 3-4. Firstly, we consider the case 
Qo = Q>n l l - iFrorn Holder’s inequality, the embedding H 5 T5+sJ(R d ) -a L 2+5 (R d ), Lemma 1331 and 
Corollary 13.71 we have 


In, 


■n-l~N m >N 0 ,N, 

Ni<---<Ni 

N, +1 <-<N m 


E N 0 C + 1 \\Q>N^PNo v o\\ L 2 t +J 

N 0 ,N 1 ,...,N m e2 t) o 

A m _i~A m >A 0l A, 

N±<---<Ni 

N l+1 <-<N m 



\\%vft m z\\ Llx J] pK k z\ 


k=l-\-1 


2(m-Z-l)(2 + g) 

C 4 
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< £ N°' +1 N m ^N^ miV/W WPnoVoWv* 

Nn.Ni N m G2 n o \j =1 / \ ™/ 


N 0 ,N 1 ,...,N m e2 no 
N m -i~N m >No,Ni 
Nt<~<Ni 
N l+1 <-<N m 


/ l \ m —i 

x nii^k n^ii^ n 

V 7=1 / fc=;+i 


2(m-i-l)(2 + ,5) 


< 


E 


dS 

A t~c ' - ■ 2(2+5) 
iV 0 


^S c + 1+ 7 


V 0 ,Ai,...,A m e 2 r, o 

A m _i~A m >A 0 ,Ai 

Ni<---<Ni 

N l+1 <-<Nm 


' (-1 

n 

U=1 




1 \ 1 1 IT _n c _l_2_ I r 

m- 1 N m -1 2 2 2 +5 +b, ||Z nm-Z 


y*c 


< 


E ^ 


Z 1 c r) | 1 I (cZ+2)5 . c 

2 _<5 /vr -2s + S c-2+-2+^-II l|Z nm-I 

-/Vm. ||^||y s ,it 


Vi,A m e2 N o 

N m >N, 

< \\v\\ l Y s c R m ~ l 


for u! £ Eft. Here, we have used the fact that s > and 5 > 0 is sufficiently small in the last inequality. 

Secondly, we consider the case Qi = Q>n + i,From Holder’s inequality, the embeddings H " / ~ J ' 
L( m ”i) d (R d ), H 2 ^+' 5 > (K d ) c —> L 2+<5 (R d ), Lemmas 13.41 and 13.51 we have 


^N m -l^N m >No,Ni 

N 1 <---<Ni 

N, +1 <-<N m 


< ^2 N o a+1 \\^O v o\\ L i Ll j^ \\Q>N^PN 1 v\\ L ^s L (jn-i)d ( \\0\jV\\ L?>L {m-x)d 

Mr, M, M <=9 n 0 V j=2 


N 0 ,N 1 ,...,N rn e2 N o 

N rn - 1 ~N rn >N 0 ,Ni 

Ni 

Ni +1 <-<N m 


/ m—1 N 

E[ H^ll 2tm- i -l)(2+0 m _ 1)d 

tfc=z+i W ^ 




LiLi 


< 


e A'o c+i A' m 2 +' 5 (n 7v;°) ii+zv+oii^ (n u^vik 

.2 N ° \.7=1 / \j=l 


A 0 ,Ai,...,A m e2 N o 
N m - 1 ~N m >N 0 ,Ni 
Ni<-~<Ni 
N I + 1 <---<N m 


m—1 


n n w * 


Z I 2(m-i-l)(2 + ,5) 


< 


T —2s— 9++'h 


(m — l)eZ 


11 ~^N m Z11 ^ 

r 4 r d— 1 


' s = +1 7V m " s || w ||U^ m - z 


M- 


E ^ 

JV 0 ,IV m e2 N ° 

N m >N 0 

< |M| l y Sc R m ~ l 

for oj £ E]^. Here, we have used the fact that s > ^ and S > 0 is sufficiently small in the last 
inequality. □ 


5. Proof of Main results 

By a standard contraction argument, we deduce Theorems 11.11 and 11.31 from Lemmas 14.41 and 14.11 
respectively. We give a rough outline (see [ 2 ] and 151 ). 
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Proof of Theorem 11.11 Let 77 be small enough such that 
(5.1) 2C[r, m ~ 1 < 1, 2C'rT " 1 < 

where C[ and C' 2 are the constants as in (BUD and (TO . For any R > 0, we choose T = T(R) such that 


Then, by Lemma 14.41 and Z^ c 
defined by 


T := min 


2 C[R m ’ AC^R 11 


'-A Yf c , the mapping v ha r[A/" m (t> + z)\ is a contraction on the ball B v 


B v := {u e Z S T C : \\u\\ z s t c < 77 } 

outside a set of probability < C exp(— c t-i\\^\\ hS ) f° r some 7 > 0 , which leads the almost sure local in 
time well-posedness. □ 


Proof of Theorem 1 1 . 31 The same argument as in Corollary 3.4 in m or Appendix C in m yields that 
(14.21) . (14.31) with T = 00 hold. Let 77 > 0 be sufficiently small such that 

(5.2) 2C 1 r, m ~ 1 <l, 3C 2 ? r _1 <^ 

where C\ and C 2 are the constants as in (EH) and EH- Then, by Lemma 14.11 with T = 00 and 
°A Y£, the mapping v ha r[A/’ m (v + 2 )] is a contraction on the ball Br defined by 

B n := {u € : ||u|| z ^ < 77 } 

2 

outside a set of probability < Cexp(—)■ We thus obtain the almost sure global in time well- 
posedness. 

The scattering follows from (14.21) and the property of the f7 2 -space. □ 


Acknowledgment 

The work of the second author was partially supported by JSPS KAKENHI Grant number 26887017. 


References 

[1] A. Benyi, T. Oh, and O. Pocovnicu, Wiener randomization on unbounded domains and an application to almost sure 
well-posedness of NLS, arXiv:1405.7326v2. 

[2] A. Benyi, T. Oh, and O. Pocovnicu, On the probabilistic Cauchy theory of the cubic nonlinear Schrodinger equation 
on R d , d > 3, Trans. Amer. Math. Soc. Ser. B 2 (2015), 1-50. 

[3] H. Biagioni and F. Linares, Ill-posedness for the derivative Schrodinger and generalized Benjamin-Ono equations, 
Trans. Amer. Math. Soc., 353(2001), no.9, 3649-3659. 

[4] J. Bourgain, Refinements of Strichartz’ inequality and applications to 2D-NLS with critical nonlinearity, Internat. 
Math. Res. Notices 1998, no. 5, 253-283. 

[5] N. Burq and N. Tzvetkov, Random data Cauchy theory for supercritical wave equations I: local theory, Invent. Math. 
173 (2008), no. 3, 449-475 (2008). 

[6] N. Burq and N. Tzvetkov, Random data Cauchy theory for supercritical wave equations II: a global existence result, 
Invent. Math. 173 (2008), no. 3, 477-496 (2008). 

[7] J. Colliander, J. Delort, C. Kenig, and G. Staffilani, Bilinear estimates and applications to 2D NLS. Trans. Amer. 
Math. Soc. 353 (2001), no. 8, 3307-3325. 

[8] J. Colliander, M. Keel, G. Staffilani, H. Takaoka and T. Tao, Global well-posedness result for Schrodigner equations 
with derivative, SIAM J. Math. Anal., 33 (2001), no.2, 649-669. 

[9] J. Colliander, M. Keel, G. Staffilani, H. Takaoka and T. Tao, A refined global well-posedness result for Schrodigner 
equations with derivative, SIAM J. Math. Anal., 34 (2002), no.l, 64-86. 

[10] J. Colliander, M. Keel, G. Staffilani, H. Takaoka, and T.Tao, Global well-posedness and scattering for the energy- 
critical nonlinear Schrodinger equation in R 3 , Ann. of Math. (2) 167 (2008), no. 3, 767-865. 

[11] A. Griinrock, On the Cauchy - and periodic boundary value problem for a certain class of derivative nonlinear 
Schrodinger equations, arXiv:0006195vl. 

[12] M. Hadac, S. Herr, and H. Koch, Well-posedness and scattering for the KP-II equation in a critical space, Ann. Inst. 
H. Poincare. 26 (2009), 917-941. 

[13] N. Hayashi and T. Ozawa, On the derivative nonlinear Schrodinger equation, Phys. D 55 (1992), no. 1-2, 14-36. 

[14] N. Hayashi, The initial value problem for the derivative nonlinear Schrodinger equation in the energy space, Nonlinear 
Anal. 20 (1993), no. 7, 823-833. 

[15] S. Herr, On the Cauchy problem for the derivative nonlinear Schrodinger equation with periodic boundary condition, 
Int. Math. Res. Not. 2006. 






RANDOM DATA CAUCHY PROBLEM FOR NLS WITH DERIVATIVE NONLINEARITY 


25 


[16] H. Hirayama, Well-posedness and scattering for a system of quadratic derivative nonlinear Schrodinger equations with 
low regularity initial data, Comm. Pure Appl. Anal., 13 (2014), no.4, 1563-1591. 

[17] H. Hirayama, Well-posedness and scattering for nonlinear Schrodinger equations with a derivative nonlinearity at the 
scaling critical regularity, arXiv:1311.3119 

[18] H. Hirayama and M. Okamoto, Random data Cauchy theory for the fourth order nonlinear Schrodinger equation with 
cubic nonlinearity, arXiv: 1505.06497 

[19] M. Ikeda, N. Kishimoto, M. Okamoto, Well-posedness for a quadratic derivative nonlinear Schrodinger system at the 
critical regularity, preprint. 

[20] R. Mosincat and T. Oh, A remark on global well-posedness of the derivative nonlinear Schrodinger equation on the 
circle, arXiv: 1502.02261v3. 

[21] H. Takaoka, Well-posedness for the one dimensional Schrodinger equation with the derivative nonlinearity, Adv. Diff. 
Eqns., 4 (1999), 561-680. 

[22] H. Takaoka, Global well-posedness for Schrodinger equations with derivative in a nonlinear term and data in low-order 
Sobolev spaces, Electron. J. Diff. Eqns., 42 (2001), 1-23. 

[23] Y. Wu, Global well-posedness for the nonlinear Schrodinger equation with derivative in energy space, Anal. PDE 6 
(2013), no. 8, 1989-2002. 

Graduate School of Mathematics, Nagoya University, Chikusa-ku, Nagoya, 464-8602, Japan 
E-mail address : m08035f @math. nagoya-u .ac.jp 

Department of Mathematics, Institute of Engineering, Academic Assembly, Shinshu University, 4-17-1 

Wakasato, Nagano City 380-8553, Japan 
E-mail address: m_okamoto@shinshu-u.ac.jp 


